Abstract. Three-dimensional solitary waves or lump solitons are known to be solutions to the Kadomtsev-Petviashvili I equation, which models small-amplitude shallow-water waves when the Bond number is greater than 1 3
1. Introduction. The Benney-Luke equation [3] describes the evolution of threedimensional, weakly nonlinear water waves whose horizontal length scale is long compared to the water depth. Recently Milewski [10] generalized this equation to include the effects of surface tension and topographical forcing:
gBL equation is more versatile than the forced or unforced KP equation, modeling a wider range of initial conditions and topographical forcing, including noncritical mean flows. All of these equations admit two-dimensional sech 2 soliton solutions for B = 1 3 . For B < 1 3 , the soliton is elevated above the surface, otherwise it is a wave of depression.
Both Fokas and Ablowitz [5] and Manakov et al. [9] used inverse scattering techniques to show that for B > 1 3 , the KP-I equation admits three-dimensional lump solitons, whose amplitude decays to zero in every direction. Recently, Pego and Quintero [15] presented a proof of the existence of such lump solitons for the gBL equation using the concentration-compactness method. Here we derive an explicit formula for a class of symmetric lump solitons that approximate solutions to the gBL equation for B > 1 3 by modifying the KP-I lump solitons. Using these solutions as a starting point, we compute lump soliton solutions to the gBL equation and compute the speedamplitude relation for these solitons, comparing them to the KP-I solitons. Next, we verify the soliton nature of these waves by numerically colliding them. Note that although there is an inverse scattering transform for KP-I, there are no closed form multilump interaction solutions of the form we are seeking (see section 4).
Solitary waves can be generated when the uniform flow over an obstacle is near the critical shallow water speed C 0 = √ gH, i.e., Froude number F ≈ 1. Solutions to this problem when the free surface is one-dimensional were first sought by Wu and Wu [18] and later by Akylas [2] , Cole [4] , and Wu [17] , among others. Grimshaw and Smyth [6] investigated a similar problem, but for stratified flows. In most of these studies, the free surface evolution is described by a forced KdV equation when F ≈ 1, and the solution involves the periodic shedding of solitary waves upstream. Recently, the one-dimensional free surface case with surface tension was considered by Milewski and Vanden-Broeck [13] . They derived a forced fifth-order KdV equation for B ≈ 1 3 , F ≈ 1 and found unsteady capillary-gravity flows past an obstacle to be significantly different from those in the pure gravity case. They found many complicated behaviors including the shedding of solitary waves upstream and downstream, Wilton's ripples, and depression solitary waves with oscillating tails.
For three-dimensional gravity-wave flow, Katsis and Akylas [7] studied a moving pressure distribution on the free surface, an equivalent problem to uniform flow over an obstacle. They found that for flow near the linear shallow water speed, the response was governed by a forced KP equation. They observed the upstream generation of three-dimensional unsteady disturbances due to nonlinear effects. Milewski and Tabak [12] computed time-dependent solutions using a forced version of the BenneyLuke equation. They generated three-dimensional nonlinear bow waves upstream from a localized three-dimensional obstacle. Moreover, using two such obstacles separated in the y-direction, but at the same x location, they were able to see hexagonal-like patterns upstream from the obstacles. In this study we examine the uniform flow over an obstacle when the effect of surface tension is significant (B > 1 3 ) using the forced gBL equation.
1 For F ≈ 1 we observe, in the frame of the obstacle, the periodic shedding of three-dimensional lump solitons at an angle to the downstream flow.
The remainder of this paper is organized as follows. In section 2, we examine the KP-I equation and its lump soliton solutions and derive lump solutions to the gBL equation from those of KP-I. Section 3 is devoted to the calculation of the speed- 1 We note that a Bond number of 1 3 corresponds to a water layer of depth approximately 0.5 cm. Thus in this regime, viscous effects may become important. We do not, however, consider viscosity in this paper.
amplitude relation for the gBL lump solitons, while section 4 shows the results of colliding two of these solitons at an angle. Finally, in the last section, we investigate time-dependent three-dimensional uniform flow over an obstacle when surface tension is significant.
KP-I and gBL lump solitons.
Using inverse scattering techniques it has been shown (see Ablowitz and Clarkson [1] ) that the KP-I equation
with B > 1 3 admits a family of three-dimensional lump solitons that decay to zero radially in every direction. In this form of the equation, x, y, and t are dimensionless coordinates in the "laboratory" frame and η is the dimensionless free surface displacement. The KP-II equation, corresponding to B < 1 3 , does not admit lump soliton solutions. For (2.1), a class of symmetric lump soliton solutions is given by
Here is a small amplitude parameter and A < 0 is the minimum amplitude of the depression soliton. Equation (2.1) is given in the laboratory frame, but x, y, t, and η are dimensionless. If H is the depth of the undisturbed water and the surface elevation η(x, y, t) is measured from z = H, we use H for the vertical length scale, L (a typical wavelength) for the horizontal length scale, and a (a typical amplitude) for the scale of the surface elevation. To complete our scaling, we use the linear shallow water speed C 0 = (gH) 1 2 as the scale for wave speed and L C0 as a time scale. These scales define two ratios commonly used in parameterizing water wave equations: = a H and µ = H L . In the derivation of both the KP and Benney-Luke equations, we set = µ 2 to balance nonlinear and dispersive effects (see [3, 11] ). Using these length and time scales and the definitions of and µ, we can rewrite the KP-I lump soliton solution in dimensional coordinates in the laboratory frame:
Note that the minimum amplitude of the soliton is AH and that the solution, for a given Bond number, depends only on the parameter A. The dimensional speed, which also has this property, is c = C 0 (1 +
3( A)
16 ) in the x direction. Solutions to the gBL or BL equation also have this property as will be discussed in section 3. Figure 1 shows a typical KP-I lump soliton solution in the laboratory frame.
Unlike the KP equation, the gBL equation is written in terms of the velocity potential Φ. Since to leading order Φ tt = ∆Φ the unforced form of (1.1) can be also written, preserving the order of approximation, in the more general form (1) . In this form, for a given Bond number, the choice of the parameters a and b primarily affects the linear dispersion relation of the equation for high wave numbers, which is a useful modification for computing numerical solutions (see section 5).
In the derivation of the Benney-Luke equation [11] , the free surface displacement η(x, y, t) is related to the velocity potential Φ(x, y, t) 
Note that the substitution of η 1 into the O(1) terms of (2.1) yields O( 2 ) terms due to the assumed form of η 1 and the fact that 1 − c = O( ). A solution to (2.4) can be calculated directly by integrating the exact solution η (2.2) with respect to x:
It is easy to show that by slightly altering the speed of the soliton from c = 1+
which is identical to the gBL equation, but it excludes the following dispersive and nonlinear terms involving y derivatives:
However, for the above lump solitons, Φ = 
As long as the partial derivatives of F (X, Y ) remain order one, these terms are of O( 2 ) and can be neglected, since terms of this order are implicitly ignored in gBL. Thus, the exact KP-I lump soliton solution Φ L (X, Y ) with a modified speed is, to leading order, an approximate solution to the isotropic gBL equation. An expansion of the form Φ(X, Y ) = Φ L (X, Y ) + f (X, Y ) in the gBL equation leads to a linear, nonconstant coefficient, inhomogeneous, elliptic partial differential equation for f . The analysis of this equation is beyond the scope of this work. In the next section, however, we numerically compute lump soliton solutions to the gBL equation, along with their corresponding speeds.
Speed-amplitude relations.
In the previous section, we discussed two models of the three-dimensional evolution of the water surface when the effects of surface tension are significant. The KP-I model is known to have exact lump soliton solutions but is valid only for flows that are quasi-one-dimensional. Lump solutions to KP-I satisfy the speed-amplitude relation c = 1 + 3 16 A, in which A is the minimum amplitude of free surface displacement η normalized by the depth H. Although the form of the lump solitons depends on two parameters, amplitude and Bond number, the speed-amplitude relation is Bond number independent.
The above family of solitons are also approximate solutions to the gBL equation, with a slightly modified speed-amplitude relation. We use these KP-I solutions to compute solutions to the gBL equation which do not necessarily obey the KP scaling, δ y δ x , and thus are better modeled by the gBL equation. We compute the speedamplitude curve for lump solutions to the gBL equation numerically by using the exact KP-I lump soliton with the modified speed for a given amplitude and fixed Bond number as an initial guess to look for a traveling-wave solution to the gBL equation using the Fourier pseudospectral method described below. (This method was used by Milewski and Keller [11] to compute periodic solutions to the BenneyLuke equation.) After converging to a lump solution to the gBL equation, we choose another point on the KP-I speed-amplitude curve and repeat the process.
Before applying the pseudospectral method, we change variables in the unforced form of (1.1) to Φ(x, y, t) = f (θ 1 , θ 2 ) with θ 1 = kx − ωt, θ 2 = ly. The resulting equation, given below, is parameterized by the wavenumbers k and l and the frequency ω.
By assuming that the two-phase traveling-wave solution f (θ 1 , θ 2 ) is 2π periodic in each phase, we restrict our computational domain to a period rectangle in the xy plane. The solution travels with velocity
Next we seek solutions of the form imposing a m,n = a * −m,−n to obtain a real solution. Note that a 00 is arbitrary since it does not affect the displacement of the free surface. Substitution of this form into (3.1) results in a set of 4N 2 + 4N real nonlinear algebraic equations for the 4N 2 + 4N + 1 unknowns, i.e., the real and complex parts of a mn and ω. To equate the number of unknowns and equations and to remove a degree of freedom, we add a constraint on the amplitude of the wave:
Here,Â is the target L 2 norm of the wave. The resulting system of 4N 2 + 4N + 1 equations is solved for the a mn and ω using Newton's method.
Using the exact KP-I lump soliton we choose the lengths L x and L y so that the solution has effectively decayed to zero within a box of dimensions 2L x by 2L y . Obviously, L x and L y depend strongly on the given amplitude, since the amplitude is related to the horizontal and vertical extent of the wave. We then choose the wavenumbers to be k = π Lx , l = π Ly so that we have a 2π-periodic solution in θ 1 and θ 2 . The Fourier transform of this solution, with some necessary augmentation for the highest modes, is the initial a mn guess for Newton's method. Initially, ω is set to kc * and the fixed target amplitudeÂ t is computed from the exact KP-I solution, i.e., from the initial a mn . After Newton's method converges, we find the minimum amplitude of the solution and compute the speed as 
Ly
Lx has decreased from 44 to 2.6, indicating that the typical KP scaling is no longer present and that the ignored derivatives are no longer O (1) . As a result, the solutions to gBL and KP-I deviate, as shown in the speed-amplitude graph.
The speed-amplitude curves shown in Figure 2 are unaffected by the choice of the small parameter . All physically meaningful solutions, however, must satisfy A 1. We showed in section 2 that the exact dimensional lump soliton solution to the KP-I equation depends only on the combination A. That lump solutions to the gBL equation also only depend on the combination A is less obvious since appears explicitly as a parameter in that equation. However, suppose we have a solution Φ(x, y, t) (with corresponding η(x, y, t) 
2 ) terms, which were ignored in (1.1), remain small. The gBL curve in Figure 2 was produced using = 0.1.
Collisions of gBL lump solitons.
Although the gBL lump solitons derived in section 3 travel in the x direction only, the gBL equation is isotropic and thus solutions can travel in any direction. To test the "soliton" properties of these solutions, we collide two lump solitary waves. These solitons start at the same x location, but are separated in the y direction, one above the other. The top soliton travels at an angle of −α with respect to the x-axis, while the other travels at an angle of +α.
The collision of lump soliton solutions of the KP-I equation was first considered by Manakov et al. [9] , in which they claim the solitons do not interact (i.e., zero phase shift). More recently, Villarroel and Ablowitz [16] find, using a "small norm" expansion, nontrivial interactions between solitons. These results, however, are not comparable directly to those presented in this paper since the nonisotropic scaling of KP forces the solutions to separate at a rate proportional to √ t and not t, as is the case here. The solutions of Villarroel and Ablowitz are probably an "inner solution" near the interaction region of our gBL computations. However, the matching of the KP solution to the gBL solution is not considered further here.
We use the pseudospectral algorithm proposed by Milewski and Tabak [12] with the initial function being the superposition of two soliton solutions of gBL. We choose the computational domain, assumed periodic, and the initial location of the solitons such that they have effectively decayed to zero within a reasonable distance of each other and the boundaries. Figure 3 shows contour plots of the solution at four different times. Here α = 5
• , the domain in L x = 30π by L y = 150π, and we use N x = 512 and N y = 512 points in the x and y directions, respectively. With a time step of ∆t = 0.05, we are able to see a fairly smooth nonlinear interaction with the solitons, traveling from left to right, emerging intact after the collision. Although our computations are not resolved enough to study precisely whether the collisions are completely elastic, they do yield the soliton-like phase shift and do confirm that the lumps are stable to within the numerical error. This is in contrast to recent calculations of one-dimensional free surface soliton interactions for B ≈ An angle-dependent phase shift due to the nonlinear interaction was observed and is shown in Figure 4 . The circles indicate the predicted location of the center of each lump soliton at T = 100 intervals from T = 0 to T = 2400 based on the soliton's known speed. The x's mark the actual computed location and illustrate the phase shift due to the collision, which is approximately ∆x = 3.4 and ∆y = ±10. 7 . In other words, we observe a phase lead in x and a phase lag in y for both solitons. In relation to the grid resolution for this computation, which is h x = 0.184, h y = 0.920, the measured phase shifts are significant.
The results of a similar 5
• collision using a soliton of amplitude A = −0.4992 (as in Figure 4 ) and 2A are shown in Figure 5 . Here the phase shifts are approximately ∆x = 4.0 (lead) and ∆y = 8.9 (lag) for the soliton of amplitude A and ∆x = 7.4 (lead) and ∆y = −1.2 (lag) for the 2A soliton. Figure 6 shows the results for the collision of two lump solitons of equal amplitude at an angle of ±45
• to the horizontal. At this large angle, the solitons pass quickly through one another and produce no measurable phase shift.
Generation of lump solitons by resonant flow over a bump.
Given that the gBL equation supports lump solitons and that these appear to be stable under collision with other solitons, the next logical step is to study whether they can be generated in more realistic flow conditions. The forced KdV and KP equations have been used to study free surface flow over topography (see Wu and Wu [18] , Akylas [2] , Cole [4] , Grimshaw and Smyth [6] , and Katsis and Akylas [7] , among others). Under certain conditions the forced KdV equation will produce solitary waves over the forcing topography. Recently, Nadiga, Margolin, and Smolarkiewicz [14] compared the generation of solitary wave solutions to various shallow-water equations, including forced versions of the KdV, Green-Naghdi, and Boussinesq equations, to those of the full Euler equations for flow over variable topography. They showed that while details of the flow differ, the generation of solitary waves remains qualitatively correct. We study here whether the (forced) gBL equation could, under the right conditions, produce three-dimensional lump solitons. Milewski and Tabak [12] previously computed time-dependent solutions to the forced gBL equation for zero surface tension, outside the regime of lump solitons.
We consider the free surface flow past a submerged obstacle in a channel of finite depth. Upstream from the obstacle, the flow is uniform with a constant velocity U in the positive x direction and of constant depth H. We let z = −H − h(x, y) denote the bottom of the channel so that a positive obstacle corresponds to h < 0. Milewski [10] derived the forced version of the gBL equation, repeated here in its more general form, to model the three-dimensional evolution of the free surface for this problem:
and F is the Froude number defined as F = U C0 . Note that this equation applies in a frame moving with the mean velocity of the flow and is therefore still isotropic. In this frame, the obstacle is moving with a speed −U . Milewski and Tabak [12] computed time-dependent solutions to this equation for B = 0, F = 1 for a three-dimensional bump of the form h(x, y) = sech 2 (x 2 + y 2 ). In the derivation of (1.1), the length scale of the obstacle h(x, y) is 2 H so that the bottom of the channel is given by z = −1 − 2 h(x, y). For our purposes we use the positive bump h(x, y) = −sech 2 .30 Figure 7 .
Our interest is in the creation of three-dimensional lump solitons through uniform flow over a bump. Lump solitons are solutions to the unforced gBL equation only when both surface tension and nonlinear effects are significant. Since flow over topography near the critical speed leads to large free-surface displacement and thus nonlinear effects, we expect the possibility of lump solitons only for B > 1 3 , F ≈ 1. Before considering solutions to the forced gBL equation at the critical speed, however, we first examine the linear solution at a range of flow speeds.
Linear solution.
Ignoring the two nonlinear terms in (5.1), we can rewrite this equation in operator form as
in which
and
y)) .
We factor the left side by introducing u = (∂ t − iL)Φ and recast the equation in terms of u as
Given u(x, y, t), the free surface in a frame moving with the mean velocity of the flow is, to leading order, η = −Φ t = −Re(u).
Equation (5.2) can be solved as an initial value problem if we assume that the bump is introduced at t = 0 and η(x, y, 0) = Φ(x, y, 0) = 0, which implies u(x, y, 0) = 0. Taking the two-dimensional Fourier transform of (5.2) gives an equation forû(k) in which k = (k, l):û
Equation (5.3) is easily solved in a frame fixed with respect to the bump. Letting v(x + F t, y, t) = u(x, y, t) be the solution in the frame of the bump, the solution iŝ
The linear dispersion relation ω(k) =L(k) for the gBL equation, given above, shows that the linear problem is well-posed only if the parameters a and b are nonnegative. Figure 8 shows the phase speed in the x direction as a function of k for B = 0 and B = The solution of (5.4) has two regimes, subcritical (F > 1) and supercritical (F < 1). Note that these definitions are the opposite of those used for gravity flows due to the difference in the linear dispersion relations. In both cases the subcritical regime consists of Froude numbers for which there exist linear wave speeds, i.e., there exist steady waves in the frame of the bump. 
). Thus there exist waves upstream of the obstacle outside of the wedge of half-angle ξ * . Figure 9 shows the linear response in the frame of the obstacle for (F = 1.1, B = above. The half-angle of the wedge in this figure is very close to the predicted value for F = 1.1, which is ξ * = 65.4
• . In the supercritical regime (F < 1), the steady solution, obtained from the first term in (5.4), is a localized disturbance over the bump as t → ∞. The asymptotic form of the transient waves generated by the bump can be obtained using stationary phase arguments on the second term in (5.4). Figure 10 shows the linear response for a supercritical flow (F = 0.9, B = 2 3 ) at t = 300 for the positive bump described above. As expected, we observe a stationary depression above the obstacle and transient waves moving off to the left. Nonlinear simulations of these cases produced virtually identical results.
In the critical F = 1 case the linear solution will grow unbounded in time. Figure 11 shows the linear response in the frame of the obstacle for (F = 1.0, B = 2 3 ) at t = 300. The response is localized above the bump with an amplitude roughly an order of magnitude larger than the subcritical and supercritical cases at the same time.
Nonlinear resonant solutions.
Since the linear solution at the critical flow speed F = 1 is unbounded in time and large for F ≈ 1, we expect nonlinear terms to become important in the evolution of the free surface in this regime. Thus we examine the behavior of the forced gBL equation using the pseudospectral method described earlier for soliton collisions. Using a 512 by 512 mesh and the same bottom topography, we observe the symmetric pairwise periodic generation of lump solitons downstream of the obstacle for B > • and the speed is c ≈ 0.168. In a frame traveling with the mean velocity of the water (F = 1), the angle is α ≈ ±9.2
• with respect to the upstream direction (negative x-axis) and the speed is c ≈ 0.937. With a minimum amplitude of A ≈ −2.95, these solitons are represented by the point (| A|, c) = (.295, .937), which is indicated on the speed-amplitude curve for the gBL equation given in Figure 2 .
Lump solitons are also generated for close to critical flow speeds F ≈ 1. Figure 14 shows the development of solitons for F = 0.98, using the same positive topography, at T = 500 and T = 900. In comparison to the F = 1 case at T = 500 (see Figure 13 ), the F = 0.98 solitons develop at a slower rate. Figure 15 shows the free surface evolution for F = 1.02. Note that the solitons emerge sooner and travel somewhat faster in the frame of the bump due to the increased mean flow. In this case the angle ξ s is approximately 65
• and lies inside the "shadow" wedge given by ξ * = 79
• for F = 1.02.
6. Conclusion. Three-dimensional solitary waves or lump solitons are shown to be solutions to the isotropic Benney-Luke equation when surface tension effects are significant. We have established an explicit connection between the lump solitons of the KP-I equation and approximate lump solitons of the gBL equation. Moreover, we have numerically computed exact gBL lump solitons and their speed-amplitude relation. We then numerically collide two gBL lump solitons in time to illustrate their solitary wave behavior. Finally, we show that three-dimensional lump solitons are generated in the uniform flow over an obstacle near the critical speed when surface tension is significant. ) at t = 300 and t = 500. The obstacle is centered at the intersection of the dotted lines.
